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Abstract

Based on the complex variable function method, a new approach for solving the scattering of plane P wave by circular-

arc alluvial valley in poroelastic half-space is developed in the paper. In this analysis, the poroelastic half-space and the

circular-arc valley are modeled as poroelastic medium based on Biot’s dynamic theory. By introducing three potentials, the

governing equations for Biot’s theory are reduced to three Helmholtz equations. The series solutions of the Helmholtz

equations are obtained by the wave function expansion method. Here, the large circle assumption is applied to simulate the

boundary conditions at the half-space boundary. The stresses and pore pressures are obtained by using the boundary

conditions and continuous conditions of the poroelastic half-space and the circular-arc alluvial valley. Numerical results

show that the dynamic stresses concentration and pore pressures concentration are mainly relative to the wave shape of

incidence, angle of incidence, dimensionless frequency of incident wave, stiffness and pore ratio of the poroelastic half-

space and valley.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The analysis of the scattering of elastic waves by finite sized, surface irregularities including canyons,
alluvial valleys and sedimentary basins is of great importance for civil engineering and earthquake
engineering.

The scattering of elastic waves by cavities have been studied for a very long time. The most important
contributions of which are summarized in the two well-known works [1,2]. There are many kinds of analytical
and numerical methods that can be used to solve the dynamics response of cavities in elastic half-space. For
example, Gamer [3] used wave function expansion method to study dynamic stress concentration factor at the
surface of a semi-circular cavity in an elastic half-space. Bard and Bouchon [4,5] studied alluvial valleys by
using discrete wavenumber approximations. Zeng and Cakmak [6] used series expansion method to investigate
the scattering of SH waves by multiple cavities in both an infinite and a half-space. Davis et al. [7] used
ee front matter r 2008 Elsevier Ltd. All rights reserved.

v.2008.04.057

ing author.

esses: wjh417@hotmail.com, wjh417@sjtu.edu.cn (J.-H. Wang).

www.elsevier.com/locate/jsvi
dx.doi.org/10.1016/j.jsv.2008.04.057
mailto:wjh417@hotmail.com,
mailto:wjh417@sjtu.edu.cn


ARTICLE IN PRESS
X.-L. Zhou et al. / Journal of Sound and Vibration 318 (2008) 1024–1049 1025
Fourier–Bessel series to investigate the transverse response of underground cylindrical cavities to incident
shear waves. Sancar and Pao [8] gave solutions for the scattering of plane harmonic pressure waves by two
cylindrical cavities by using eigenfunction expansion methods. Datta et al. [9] used combined finite element
method and eigenfunction expansions method to study dynamic stresses and displacements around cylindrical
cavities of various shapes in elastic medium. Also, there are methods based on the boundary element method
[10–14]. For example, Moeen-Vaziri and Trifunac [15] used the boundary method to solve the problem of
scattering and diffraction of SH waves by cylindrical canals of arbitrary shape in an elastic half-space.

However, the research concerning the scattering of elastic waves by cavities has been mainly restricted to the
elastic case. For saturated porous medium, several scholars also have addressed the scattering of elastic waves
by embedded cavities. For example, Mei et al. [16] introduced boundary layer approximation to study the
scattering of P and SV waves by a circular cavity of arbitrary radius in a poroelastic medium. Norris [17]
obtained the solution for a point load in an unbounded fluid saturated porous solid. Krutin et al. [18] solved
the problem of elastic harmonic wave by a fluid filled cylindrical cavity embedded in saturated medium.
Zimmerman [19] used boundary element method to study the problem of wave diffraction by a spherical
cavity in an infinite poroelastic medium. Hu et al. [20] used Biot’s theory to study the scattering and refraction
of plane strain wave by a cylindrical cavity in a fluid saturated soil. Kumar et al. [21,22] obtained general
solution of an anisotropic saturated poroelastic medium by using the Fourier transform and eigenvalue
approach. Liang et al. [23] used wave function expansion method to obtain an analytical solution for the
scattering of incident plane SV wave by a shallow circular-arc canyon in a saturated half-space. Kattis et al.
[24] used boundary element method to solve the problem of P and SV waves by tunnel in an infinite poroelastic
saturated soil. Wang et al. [25] used potential function and complex function to solve the problem of the
scattering of plane wave by multiple elliptic cavities in saturated soil medium. Li et al. [26] obtained an
analytical solution for scattering and diffraction of P wave by circular-arc alluvial valley with shallow
saturated soil deposit. Hasheminejad and Avazmohammadi [27] investigated the dynamic response of plane
wave with a pair of parallel circular cylindrical cavities buried in a boundless porous medium.

The purpose of the present study is to develop a new method for addressing the scattering of elastic wave by
circular-arc alluvial valley in poroelastic half-space. The poroelastic medium is described by Biot’s theory
[28,29]. By introducing three potentials, the governing equations for Biot’s theory are decoupled and reduced
to three Helmholtz equations satisfied by three potentials. The series solutions for the Helmholtz equations are
obtained by wave function expansion method. To illustrate the result, the effects of wave shape of incidence,
angle of incidence, dimensionless frequency of incident P wave, stiffness and pore ratio of the poroelastic
half-space and alluvial valley are studied. The methodology and analytical solution developed in this paper
may provide a new method for further analysis of the scattering of transient wave by the irregular topography
condition in a finite half-space.
2. Governing equations

The model involves circular-arc alluvial valley overlying a poroelastic half-space. Suppose the origin of the
circular-arc alluvial valley is o1, inner radius is r4, outer radius is r1, and depth is d1 (see Fig. 1). The poroelastic
half-space and circular-arc alluvial valley are described by Biot’s theory. The constitutive equations for
homogeneous poroelastic medium can be expressed as [28,29]

sij ¼ 2m�ij þ ldije� adijpf (1a)

pf ¼ �aMeþMW (1b)

e ¼ ui;i (1c)

W ¼ �wi;i (1d)

where sij denotes the stress of bulk material; eij and e are the strain component and the dilatation of the solid
skeleton, respectively; l, m represent Lamé constants; dij denotes the Kronecker delta; W denotes the variation
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Fig. 1. Model of circular-arc alluvial valley in poroelastic half-space.
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of fluid content per unit reference volume; a, M are Biot parameters; pf is the pore pressure; ui and wi denote
the average solid displacement and the fluid displacement relative to the solid frame.

The equations of motion for the poroelastic medium are expressed in terms of the displacement ut and wi as

mui;jj þ ðlþ a2M þ mÞuj;ji þ aMwj;ji ¼ r €ui þ rf €wi (2a)

aMuj;ji þMwj;ji ¼ rf €ui þm €wi þ
Z
k
_wi (2b)

where r, rf denote the bulk density of the poroelastic medium and the density of the pore fluid,
r ¼ (1�n)rs+nrf, rs is the density of the solid skeleton and n is the porosity of the poroelastic medium;
m ¼ aNrf/n and aN is tortuosity; Z, k represent the viscosity and the permeability of the poroelastic medium,
respectively; a superimposed dot on a variable denotes the derivative with respect to time.

In order to decouple the equations of motion for the poroelastic medium, two scalar potentials jf, js and
one vector potential w are introduced to express the displacement and the pore pressure. The displacement and
the pore pressure are expressed by the potentials in the following form [19]:

ui ¼ j;i þ eijkwk;j ¼ jf ;i þ js;i þ eijkwk;j (3a)

pf ¼ Af jf ;ii þ Asjs;ii (3b)

where Af and As are two constants to be determined by the governing equations of Biot’s theory; eijk denotes
the Levi–Civita symbol.

When considering the time harmonic vibration of frequency o by the term e�iot, where i ¼
ffiffiffiffiffiffiffi
�1
p

, for
brevity, the term e�iot is suppressed henceforth from all expressions in the sequel. Substituting Eqs. (1b), (3a)
and (3b) into Eq. (2a), the following formula is obtained:

½ðlþ 2m� b2Af Þjf ;jj þ b3jf �;i þ ½ðlþ 2m� b2AsÞjs;jj þ b3js�;i þ eiml ½mwl;jj þ b3wl �;m ¼ 0 (4)

In order to satisfy Eq. (4), the expressions in braces should be equal to zero independently. Thus, Eq. (4) can
be written in the following form:

ðlþ 2m� b2Af Þjf ;jj þ b3jf ¼ 0 (5a)

ðlþ 2m� b2AsÞjs;jj þ b3js ¼ 0 (5b)

mwi;jj þ b3wi ¼ 0 (5c)

where

b3 ¼ ro2 þ r2f o
4=b1; b2 ¼ aþ rf o

2=b1; b1 ¼ �mo2 � iZo=k (6)
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Substituting Eq. (1b) into Eq. (2b) leads to

pf ;ii � pf b1=M � ðab1 þ rf o
2Þui;i ¼ 0 (7)

Then, substituting Eq. (3) into Eq. (7) yields

½Af jf ;ii þ ðb5Af � b4Þjf �;jj þ ½Asjs;ii þ ðb5As � b4Þjs�;jj ¼ 0 (8)

In order to satisfy Eq. (8), the expressions in braces should be equal to zero independently. Thus, one has

Af jf ;ii þ ðb5Af � b4Þjf ¼ 0 (9a)

Asjs;ii þ ðb5As � b4Þjs ¼ 0 (9b)

b4 ¼ ab1 þ rf o
2 (9c)

b5 ¼ �b1=M (9d)

From Eqs. (5a), (5b) and (9a), (9b), one has

A2
f ;s þ

b3 � ðlþ 2mÞb5 � b2b4
b2b5

Af ;s þ
ðlþ 2mÞb4

b2b5
¼ 0 (10)

From Eqs. (5) and (9), each component jf,s and w must satisfy Helmholtz equations of the following form:

r2jf þ k2
f jf ¼ 0 (11a)

r2js þ k2
sjs ¼ 0 (11b)

r2wþ k2
t w ¼ 0 (11c)

If introducing

k2
f ¼ b3=ðlþ 2m� b2Af Þ ¼ ðb5Af � b4Þ=Af (12a)

k2
s ¼ b3=ðlþ 2m� b2AsÞ ¼ ðb5As � b4Þ=As (12b)

k2
t ¼ b3=m (12c)

where kf, ks, kt are the complex wavenumbers associated with the fast wave, slow wave, and shear wave,
respectively. In order to guarantee the attenuation of the body waves, Im(kf), Im(ks), Im(kt) should be non-
positive. Also, since the speed of the fast wave is larger than that of the slow wave, as the result, the inequality
Re(kf)oRe(ks) should always hold.

If introducing complex variables z ¼ x+iy, z ¼ x� iy, the general solutions of Eq. (11) can be expressed in
terms of Hankel function

jf ¼
X1

n¼�1

anH ð1Þn ðkf jzjÞ
z

jzj

� �n

(13a)

js ¼
X1

n¼�1

bnH ð1Þn ðksjzjÞ
z

jzj

� �n

(13b)

w ¼
X1

n¼�1

cnH ð1Þn ðktjzjÞ
z

jzj

� �n

(13c)

where Hn
(1)(*) denotes the first kind of Hankel function of order n; an, bn, cn are arbitrary coefficients to be

determined by the boundary conditions.
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3. Total waves of poroelastic half-space and alluvial valley

To solve the boundary conditions at the half-space boundary, the large circle assumption is applied in this
work. That is the half-space boundary is approximated as a nearly flat circular boundary centered at o2 with a
radius r2br1 (Fig. 2). The curved surface of the large circle is then used as an approximation of the flat surface
of the infinite half-space. It is now obvious that when the radius of the large circle approaches infinity this
model approaches that of the circular-arc alluvial valley in the half-space. In this paper, r2 ¼ 100r1 to insure
displacements on the curved surface approaches accurately enough to those of a flat surface in the free field.
Convergence of the solutions for various large ratios are tested.

For the scattering of elastic wave by circular-arc alluvial valley with an infinite poroelastic, the total wave
field of poroelastic half-space is composed of the incident wave, the reflected wave and the scattered wave [24]

jðtÞIf ¼ jðiÞIf þ jðrÞIf þ jðsÞf 1 þ jðsÞf 2 (14a)

jðtÞIs ¼ jðiÞIs þ jðrÞIs þ jðsÞs1 þ jðsÞs2 (14b)

wðtÞI ¼ wðiÞI þ wðrÞI þ wðsÞ1 þ wðsÞ2 (14c)

By introducing complex variables, the incident plane harmonic waves can be expressed as

jðiÞIf ¼ jIf 0
exp

ikIf

2
z exp �i

p
2
� b

� �� �
þ z exp i

p
2
� b

� �� �h i� �
(15a)

jðiÞIs ¼ jIs0 exp
ikIs

2
z exp �i

p
2
� b0

� �� �
þ z exp i

p
2
� b0

� �� �h i� �
(15b)

wðiÞI ¼ wI0 exp
ikIt

2
z exp �i

p
2
� g

� �� �
þ z exp i

p
2
� g

� �� �h i� �
(15c)

where b, b0, g are the incident angles of the incident harmonic waves, respectively; jIf0, jIs0, wI0 are the
amplitude ratios of the three incident waves.

If there is no alluvial valley, the incident wave reflected from the half-space will generate a reflected wave to
satisfy the stress free boundary conditions. The reflected wave are expressed as

jðrÞIf ¼ A1 exp
ikIf

2
z exp i

p
2
� b0

� �� �
þ z exp �i

p
2
� b0

� �� �h i
(16a)
r2
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Fig. 2. Approximate model of circular-arc alluvial valley in poroelastic half-space.
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jðrÞIs ¼ A2 exp
ikIs

2
z exp i

p
2
� b00

� �� �
þ z exp �i

p
2
� b00

� �� �h i
(16b)

wðrÞI ¼ A3 exp
ikIt

2
z exp i

p
2
� g0

� �� �
þ z̄ exp �i

p
2
� g0

� �� �h i
(16c)

where A1, A2, A3 are the amplitude ratios; b0, b00, g0 are the reflected angles, respectively.
The amplitude ratios A1, A2 and A3 are obtained by the straight boundary conditions of poroelastic half-

space. Based on the law of Snell, these reflected angles can be expressed as

kIf sin b0 ¼ kIs sin b00 ¼ kIt sin g0 (17)

In the half-space, because of the presence of both the plane free boundary and the circular-arc alluvial
valley, the incident P wave and the reflected P and S waves from the ground surface will be scattered around
the valley in the half-space, and the total potentials of harmonic plane P and S waves generated at the valley
are represented by jf1

(s), js1
(s) and w1

(s). The scattered cylindrical waves from the valley will be reflected back
into the half-space from the plane free surface. The cylinder vibrations are reflected off the half-space free
surface generating new waves represented by jf2

(s), js2
(s) and w2

(s).

jðsÞIf ¼ jðsÞf 1 þ jðsÞf 2 ¼
X2
i¼1

X1
n¼�1

ainH ð1Þn ðkf jzijjÞ
zij

jzijj

� �n

(18a)

jðsÞIs ¼ jðsÞs1 þ jðsÞs2 ¼
X2
i¼1

X1
n¼�1

binH ð1Þn ðksjzijjÞ
zij

jzijj

� �n

(18b)

wðsÞI ¼ wðsÞ1 þ wðsÞ2 ¼
X2
i¼1

X1
n¼�1

cinH ð1Þn ðktjzijjÞ
zij

jzijj

� �n

(18c)

where zij ¼ z�dj (j ¼ 1,2), dj (j ¼ 1,2) is the complex coordinate between the origin of jth circle and the origin
of total coordinate system.

For the alluvial valley, the total wave field is composed of the refracted wave and the scattered wave

jðtÞIIf ¼ jðf ÞIIf þ jðsÞf 3 þ jðsÞf 4 (19a)

jðtÞIIs ¼ jðf ÞIIs þ jðsÞs3 þ jðsÞs4 (19b)

wðtÞII ¼ wðf ÞII þ wðsÞ3 þ wðsÞ4 (19c)

where

jðf ÞIIf ¼
Xn¼þ1

n¼�1

d1nH ð2Þn ðkIIf jzijjÞ
zij

jzijj

� �n

(20a)

jðf ÞIIs ¼
Xn¼þ1

n¼�1

e1nH ð2Þn ðkIIsjzijjÞ
zij

jzijj

� �n

(20b)

wðf ÞII ¼
Xn¼þ1

n¼�1

f 1nH ð2Þn ðkIItjzijjÞ
zij

jzijj

� �n

(20c)

jðsÞf 3 ¼
Xn¼þ1

n¼�1

d2nH ð1Þn ðkIIf jzijjÞ
zij

jzijj

� �n

(20d)
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jðsÞs3 ¼
Xn¼þ1

n¼�1

e2nH ð1Þn ðkIIsjzijjÞ
zij

jzijj

� �n

(20e)

wðsÞ3 ¼
Xn¼þ1

n¼�1

f 2nH ð1Þn ðkIItjzijjÞ
zij

jzijj

� �n

(20f)

jðsÞf 4 ¼
Xn¼þ1

n¼�1

d3nH ð1Þn ðkIIf jzijjÞ
zij

jzijj

� �n

(20g)

jðsÞs4 ¼
Xn¼þ1

n¼�1

e3nH ð1Þn ðkIIsjzijjÞ
zij

jzijj

� �n

(20h)

wðsÞ4 ¼
Xn¼þ1

n¼�1

f 3nH ð1Þn ðkIItjzijjÞ
zij

jzijj

� �n

(20i)

where zij ¼ z�dj (j ¼ 3,4), dj (j ¼ 3,4) is the complex coordinate between the origin of jth circle and the origin
of total coordinate system.

4. The expressions of stresses, pore pressures and displacements of poroelastic half-space

If introducing complex variables z ¼ x+iy, z ¼ x� iy, the expressions of stresses, pore pressures and
displacements of poroelastic half-space can be expressed as

uIr þ iuIy ¼ 2
q
qz̄
ðjðtÞIf þ jðtÞIs � iwðtÞI Þ expð�iyÞ (21a)

uIr � iuIy ¼ 2
q
qz
ðjðtÞIf þ jðtÞIs þ iwðtÞI Þ expðiyÞ (21b)

wIr þ iwIy ¼ 2
q
qz̄
ðZI1j

ðtÞ
If þ ZI2j

ðtÞ
Is � iaI1c

ðtÞ
I Þ expð�iyÞ (21c)

wIr � iwIy ¼ 2
q
qz
ðZI1j

ðtÞ
If þ ZI2j

ðtÞ
Is þ iaI1c

ðtÞ
I Þ expðiyÞ (21d)

sIr þ sIy ¼ �2ðlI þ mIÞðk
2
If j
ðtÞ
If þ k2

Isj
ðtÞ
Is Þ (21e)

sIr þ isIry ¼ aIf j
ðtÞ
If þ aIsj

ðtÞ
Is þ 4mI

q2

qz2
ðjðtÞIf þ jðtÞIs � icðtÞI Þ expð�2iyÞ (21f)

sIr � isIry ¼ aIf j
ðtÞ
If þ aIsj

ðtÞ
Is þ 4mI

q2

qz2
ðjðtÞIf þ jðtÞIs þ icðtÞI Þ expð2iyÞ (21g)

pIf ¼ �AIf k2
If j
ðtÞ
If � AIsk

2
Isj
ðtÞ
Is (21h)

where

aIf ¼ aIAIf k2
If � ðlI þ mIÞk

2
If ; aIs ¼ aIAIsk

2
Is � ðlI þ mIÞk

2
Is; ZI1 ¼ aI1 � aI2AIf k2

If ,

ZI2 ¼ aI1 � aI2AIsk
2
Is; aI1 ¼

rIf o
2

bI1
; aI2 ¼ �

1

bI1
(22)

In all manipulations, a subscript I is used to denote the parameters of poroelastic half-space.
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5. The expressions of stresses, pore pressures and displacements of alluvial valley

If introducing complex variables z ¼ x+iy, z ¼ x� iy, the expressions of stresses, pore pressures and
displacements of alluvial valley can be expressed as

uIIr þ iuIIy ¼ 2
q
qz̄
ðjðtÞIIf þ jðtÞIIs � iwðtÞII Þ expð�iyÞ (23a)

uIIr � iuIIy ¼ 2
q
qz
ðjðtÞIIf þ jðtÞIIs þ iwðtÞII Þ expðiyÞ (23b)

wIIr þ iwIIy ¼ 2
q
qz̄
ðZII1j

ðtÞ
IIf þ ZII2j

ðtÞ
IIs � iaII1w

ðtÞ
II Þ expð�iyÞ (23c)

wIIr � iwIIy ¼ 2
q
qz
ðZII1j

ðtÞ
IIf þ ZII2j

ðtÞ
IIs þ iaII1w

ðtÞ
II Þ expðiyÞ (23d)

sIIr þ sIIy ¼ �2ðlII þ mIIÞðk
2
IIf j

ðtÞ
IIf þ k2

IIf j
ðtÞ
IIf Þ (23e)

sIIr þ isIIry ¼ aIIf j
ðtÞ
IIf þ aIIsj

ðtÞ
IIs þ 4mII

q2

qz̄2
ðjðtÞIIf þ jðtÞIIs � iwðtÞII Þ expð�2iyÞ (23f)

sIIr � isIIry ¼ aIIf j
ðtÞ
IIf þ aIIsj

ðtÞ
IIs þ 4mII

q2

qz2
ðjðtÞIIf þ jðtÞIIs þ iwðtÞII Þ expð2iyÞ (23g)

pIIf ¼ �AIIf k2
IIf j

ðtÞ
IIf � AIIsk

2
IIsj
ðtÞ
IIs (23h)

where

aIIf ¼ aIIAIIf k2
IIf � ðlII þ mIIÞk

2
IIf ; aIIs ¼ aIIAIIsk

2
IIs � ðlII þ mIIÞk

2
IIs; ZII1 ¼ aII1 � aII2AIIf k2

IIf ,

ZII2 ¼ aII1 � aII2AIIsk
2
IIs; aII1 ¼

rIIf o
2

bII1
; aII2 ¼ �

1

bII1
(24)

In all manipulations, a subscript II is used to denote the parameters of alluvial valley.

6. The boundary value problems

The boundary conditions of this problem include the continuous conditions at the interface between the
valley and the half-space, and the zero stress at the free ground surface within the valley and the half-space out
of the valley. The continuous conditions at the interface can be written as

sIr � isIry ¼ sIIr � isIIry (25a)

sIr þ isIry ¼ sIIr þ isIIry (25b)

uIr � iuIy ¼ uIIr � iuIIy (25c)

uIr þ iuIy ¼ uIIr þ iuIIy (25d)

wIr � iwIy ¼ wIIr � iwIIy (25e)

wIr þ iwIy ¼ wIIr þ iwIIy (25f)

The zero stress boundary conditions at the free ground surface within the half-space out of the valley can be
expressed as

sIr � isIry ¼ 0 (26a)
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sIr þ isIry ¼ 0 (26b)

For permeable boundary condition of half-space, the pore pressure should vanish

pIf ¼ �AIf k2
If j
ðtÞ
If � AIsk

2
Isj
ðtÞ
Is ¼ 0 (27)

For impermeable boundary condition of half-space, the normal displacement of the fluid relative to the
solid skeleton should vanish

wIr ¼
q
qz
ðZI1j

ðtÞ
If þ ZI2j

ðtÞ
Is þ iaI1w

ðtÞ
I Þ expðiyÞ þ

q
qz̄
ðZI1j

ðtÞ
If þ ZI2j

ðtÞ
Is � iaI1c

ðtÞ
I Þ expð�iyÞ ¼ 0 (28)

The zero stress boundary conditions at the free ground surface within the alluvial valley can be expressed as

sIIr � isIIry ¼ 0 (29a)

sIIr þ isIIry ¼ 0 (29b)

For permeable boundary condition of alluvial valley, the pore pressure should vanish

pIIf ¼ �AIIf k2
IIf j

ðtÞ
IIf � AIIsk

2
IIsj
ðtÞ
IIs ¼ 0 (30)

For impermeable boundary condition of alluvial valley, the normal displacement of the fluid relative to the
solid skeleton should vanish

wIIr ¼
q
qz
ðZII1j

ðtÞ
IIf þ ZII2j

ðtÞ
IIs þ iaII1c

ðtÞ
II Þ expðiyÞ

þ
q
qz̄
ðZII1j

ðtÞ
IIf þ ZII2j

ðtÞ
IIs � iaII1c

ðtÞ
II Þ expð�iyÞ ¼ 0 (31)

Applying the continuous conditions at the interface between the valley and half-space, and the boundary
conditions at the free surface within the valley and half-space out of the valley, substituting the resulted
potential functions of the half-space and alluvial valley into above equations, the constants a1n, b1n, c1n, a2n,
b2n, c2n, d1n, e1n, f1n, d2n, e2n, f2n, d3n, e3n, f3n can be determined. It should be pointed out that the above
equations are all in infinite sums, therefore, the system of equations must be solved by truncating the infinite
terms into the finite terms. The number of terms included in the calculation is 12 to reach the required
accuracy. The solution courses of (25–31) are given in detail in Appendix A.

7. Numerical results and discussions

Dynamic stress concentration factor s* is defined as the ratio of the tangential effective stress along the
boundary of the cavity to the normal effective stress

(1) Outer boundary of alluvial valley

s�1 ¼
s0Iy
s00

(32)

where

s0Iy ¼ � ðlI þ mIÞðk
2
If j
ðtÞ
If 1 þ k2

Isj
ðtÞ
Is1Þ � 2mI

q2

qz2
ðjðtÞIf 1 þ jðtÞIs1 þ iwðtÞI1 Þ expð2iyÞ

� 2mI
q2

qz̄2
ðjðtÞIf 1 þ jðtÞIs1 � iwðtÞI1 Þ expð�2iyÞ � aIpf I (33a)

s00 ¼ �ðlI þ 2mIÞk
2
If jIf 0 � aIpf 0 (33b)

(2) Inner boundary of alluvial valley

s�2 ¼
s0IIy
s00

(34)
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where

s0IIy ¼ �2ðlII þ mIIÞðk
2
IIf j

ðtÞ
IIf þ k2

IIsj
ðtÞ
IIsÞ � aIIpf II (35)

For the case of impermeable condition, the pore pressure concentration factor is defined as

p� ¼
pf

pf 0

(36)

where

pf 0 ¼ �Af k2
If jf 0 (37)

In this paper, a semi-analytical solution has been developed for the scattering of plane wave by circular-arc
alluvial valley in poroelastic half-space. The effects of frequency, angle of incidence, porosity, and thickness of
alluvial valley on the dynamic response will be discussed.

The material parameters for the poroelastic half-space are: rIs ¼ 2750 kg/m3; rIf ¼ 1000 kg/m3; nI ¼ 0.45;
mI ¼ 2.6� 107 Pa; nI ¼ 0.3; aI ¼ 0.999; MI ¼ 1.0� 108 Pa; ZI ¼ 1.0� 10�2 Pa s; kdI ¼ 1.0� 10�10m/s. The
material parameters for the alluvial valley are: rIIs ¼ 2500 kg/m3; rIIf ¼ 1000 kg/m3; nII ¼ 0.5; mII ¼ 1.5�
107 Pa; nII ¼ 0.25; aII ¼ 0.999; MII ¼ 1.0� 108 Pa; ZII ¼ 1.0� 10�2 Pa s; kdII ¼ 1.0� 10�10m/s. Figs. 3–8 show
the distributions of dynamic stresses concentration and pore pressures concentration around the outer and the
inner boundary of circular-arc alluvial valley for incidence angle b ¼ 01, 301 and thickness of alluvial valley
r4/r1 ¼ 0.8, 0.7. As shown in Figs. 3–8, the stresses and pore pressures amplitudes increase with the increase of
frequency. When the parameters of poroelastic half-space are larger than those of valley, stresses amplitudes
around the outer boundary are larger than those around the inner boundary. The effects of incidence angle on
stresses and pore pressures patterns with the presence of the valley are also clearly different in Figs. 3–8.

Figs. 9–11 shows the distribution of dynamic stresses concentration and pore pressures concentration
around the inner and the outer boundary of circular-arc alluvial valley for valley thickness r4/r1 ¼ 0.75, 0.8,
0.85. As given the parameters of poroelastic half-space and alluvial valley, the dynamics stresses and pore
pressures with the change of valley thickness have clearly regulation. When the parameters of poroelastic half-
pace are larger than those of valley, stresses amplitudes around the outer boundary are larger than those
around the inner boundary. Pore pressures are greatly smaller than stresses. Stresses amplitudes increase with
the increase of thickness of the valley, while pore pressures amplitudes decrease with the increase of thickness
-3.5
-3.0
-2.5
-2.0
-1.5
-1.0
-0.5
0.0
0.5
1.0

0

30

60
90

120

150

180

210

240

270

300

330

-3.0
-2.5
-2.0
-1.5
-1.0
-0.5
0.0
0.5
1.0

Re(σ1
∗)

Im(σ1
∗)

Re(σ1
∗)

Im(σ1
∗)

σ 1
∗

-3.5
-3.0
-2.5
-2.0
-1.5
-1.0
-0.5
0.0
0.5
1.0
1.5

0

30

60
90

120

150

180

210

240
270

300

330

-3.5
-3.0
-2.5
-2.0
-1.5
-1.0
-0.5
0.0
0.5
1.0
1.5

σ 1
∗

Fig. 3. Distribution of dynamic stresses concentration around the outer boundary of circular-arc alluvial valley (b ¼ 0, r4/r1 ¼ 0.8):

(a) Re(Kfr1) ¼ 0.25 and (b) Re(Kfr1) ¼ 1.0.
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Fig. 5. Distribution of pore pressures concentration around the outer boundary of circular-arc alluvial valley (b ¼ 0, r4/r1 ¼ 0.8):

(a) Re(Kfr1) ¼ 0.25 and (b) Re(Kfr1) ¼ 1.0.
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of the valley. When increasing thickness of alluvial valley, stresses amplitudes around the inner and outer
boundary of valley may be decreased, while pore pressures amplitudes may be increased. For engineering, the
main factor of breakage is the greatest dynamics stresses. So we can increase thickness of alluvial valley to
decrease dynamic stresses.

Porosity is one of the important physical parameters of poroelastic half-space. Figs. 12–14 shows the
distribution of dynamic stresses concentration and pore pressures concentration around the inner and outer
boundary of circular-arc alluvial valley under different porosity nI/nII ¼ 0.9, 1.1. The parameters of
poroelastic half-space and alluvial valley are: rIs ¼ rIIs ¼ 2750 kg/m3; rIf ¼ rIIf ¼ 1000 kg/m3; mI ¼ mII ¼
2.6� 108 Pa; nI ¼ nII ¼ 0.3; aI ¼ aII ¼ 0.999; MI ¼MII ¼ 1.0� 108 Pa; ZI ¼ ZII ¼ 1.0� 10�2 Pa s. As shown in
Figs. 12–14, the effects of variation of porosity on dynamics stresses and pore pressures are very different.
Dynamic stresses amplitudes decrease with the increasing of porosity nI/nII.
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Fig. 6. Distribution of dynamic stresses concentration around the outer boundary of circular-arc alluvial valley (b ¼ 301, r4/r1 ¼ 0.7):

(a) Re(Kfr1) ¼ 0.25 and (b) Re(Kfr1) ¼ 1.0.
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(a) Re(Kfr1) ¼ 0.25 and (b) Re(Kfr1) ¼ 1.0.
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8. Conclusion

Based on Biot’s theory and complex variable function method, a new approach for solving the scattering of
plane P wave by circular-arc alluvial valley in poroelastic half-space is developed in the paper. The
methodology suggested in this paper is more advantageous than the conventional methods, such as
eigenfunction expansion method, BEM, FEM for solving wave scattering problems.

The result shows that dynamic stresses amplitudes and pore pressures amplitudes are mainly dependent on
angle of incidence, frequency of incident wave, and porosity of soil. The frequency plays an important role in
determining stresses and pore pressures patterns. The physical properties of poroelastic medium and alluvial
valley have large effects on the scattering of plane P wave by circular-arc alluvial valley. When parameters of
poroelastic half-space are greater than those of alluvial valley, dynamic stresses amplitudes increase with
thickness of alluvial valley r4/r1 increasing, while pore pressures amplitudes decrease with thickness r4/r1
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increasing. Dynamic stresses amplitudes decrease with increasing of porosity nI/nII. The methodology and
analytical solution developed in this paper may analyze the scattering of transient waves by the irregular
topography conditions in a finite half-space.
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Appendix A

Substituting Eqs. (21f), (21g), (23f), (23g) into Eqs. (25a), (25b) yields

X3
p¼1

X2
i¼1

X1
n¼�1

E1
kpinxpin þ

X3
m¼1

X1
n¼�1

E1
kmnxmn þ

X3
q¼1

X2
j¼1

X1
n¼�1

E1
kqjnxqjn ¼ r1k ðk ¼ 1; 2Þ (A.1)

where

E1
11in ¼ aIf H ð1Þn ðkIf jzijjÞ

zi

zij j

� �n

þ mIk
2
If H

1ð Þ
n�2ðkIf jzijÞ

zi

jzij

� �n�2

expð2iyÞ (A.2)

E1
12in ¼ aIsH ð1Þn ðkIsjzijÞ

zi

jzij

� �n

þ mIk
2
IsH
ð1Þ
n�2ðkIsjzijÞ

zi

jzij

� �n�2

expð2iyÞ (A.3)

E1
13in ¼ imIk

2
ItH
ð1Þ
n�2ðkItjzijÞ

zi

jzij

� �n�2

expð2iyÞ (A.4)
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E1
11n ¼ �aIIf H ð2Þn ðkIIf jr1 e

iyjÞ
r1 e

iy

r1 eiy
		 		

 !n

� mIIk
2
IIf H
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iyjÞ
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 !n�2

expð2iyÞ (A.5)
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n ðkIIsjzjjÞ

zj

jzjj

� �n

� mIIk
2
IIsH

ð1Þ
nþ2ðkIIsjzjjÞ

zj

jzjj

� �nþ2

expð�2iyÞ (A.18)

E1
23jn ¼ imIIk

2
IItH

ð1Þ
nþ2ðkIItjzjjÞ

zj

jzjj

� �nþ2

expð�2iyÞ (A.19)

r11 ¼ � aIf ðj
ðiÞ
If þ jðgÞIf Þ � aIsðj

ðiÞ
Is þ jðgÞIs Þ

� 4mI
q2

qz2
½jðiÞIf þ jðgÞIf þ jðiÞIs þ jðgÞIs þ iðwðiÞI þ wðgÞI Þ� expð2iyÞ (A.20)
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r12 ¼ � aIf ðj
ðiÞ
If þ jðgÞIf Þ � aIsðj

ðiÞ
Is þ jðgÞIs Þ

� 4mI
q2

qz̄2
½jðiÞIf þ jðgÞIf þ jðiÞIs þ jðgÞIs � iðwðiÞI þ wðgÞI Þ� expð�2iyÞ (A.21)

where

zi ¼ zj ¼ r1 e
iy ði ¼ j ¼ 1Þ (A.22)

zi ¼ r1 e
iy þ d � d1; zj ¼ r1 e

iy þ d � d2 ði ¼ j ¼ 2Þ (A.23)

x1in ¼ ain; x2in ¼ bin; x3in ¼ cin; x1n ¼ d1n; x2n ¼ e1n; x3n ¼ f 1n; x1jn ¼ djn; x2jn ¼ ejn; x3jn ¼ f jn

(A.24)

Multiplying both sides of Eq. (A.1) with e�isy and integrating over the interval [�p, p], we have

X3
p¼1

X2
i¼1

X1
n¼�1

E1s
kpinxpin þ

X3
m¼1

X1
n¼�1

E1s
kmnxmn þ

X3
q¼1

X2
j¼1

X1
n¼�1

E1s
kqjnxqjn ¼ r1s

k ðs ¼ �0;�1; . . .Þ (A.25)

where

E1s
kpin ¼

1

2p

Z p

�p
E1

kpin e
�isy dy (A.26)

E1s
kmn ¼

1

2p

Z p

�p
E1

kmn e
�isy dy (A.27)

E1s
kqjn ¼

1

2p

Z p

�p
E1

kqjn e
�isy dy (A.28)

r2s
k ¼

1

2p

Z p

�p
r1k e
�isy dy (A.29)

Likewise, substituting Eqs. (21a), (21b), (23a), (23b) into Eqs. (25c) and (25d) yields

X3
p¼1

X2
i¼1

X1
n¼�1

E2
kpinxpin þ

X3
m¼1

X1
n¼�1

E2
kmnxmn þ

X3
q¼1

X2
j¼1

X1
n¼�1

E2
kqjnxqjn ¼ r2k ðk ¼ 1; 2Þ (A.30)

where

E2
11in ¼ kIf H

ð1Þ
n�1ðkIf jzijÞ

zi

jzij

� �n�1

(A.31)

E2
12in ¼ kIsH

ð1Þ
n�1ðkIsjzijÞ

zi

jzij

� �n�1

(A.32)

E2
13in ¼ ikItH

ð1Þ
n�1ðkItjzijÞ

zi

jzjj

� �n�1

(A.33)

E2
11n ¼ �kIIf H

ð2Þ
n�1ðkIIf jr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �n�1

(A.34)

E2
12n ¼ �kIIsH

ð2Þ
n�1ðkIIsjr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �n�1

(A.35)
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E2
13n ¼ �ikIItH

ð2Þ
n�1ðkIItjjr1 e

iyjjÞ
r1 e

iy
		 		
r1 eiy
		 				 		

 !n�1

(A.36)

E2
11jn ¼ �kIIf H

ð1Þ
n�1ðkIIf jzjjÞ

zj

jzjj

� �n�1

(A.37)

E2
12jn ¼ �kIIsH

ð1Þ
n�1ðkIIsjzjjÞ

zj

jzjj

� �n�1

(A.38)

E2
13jn ¼ �ikIItH

ð1Þ
n�1ðkIItjzjjÞ

zj

jzjj

� �n�1

(A.39)

E2
21in ¼ kIf H

ð1Þ
nþ1ðkIf jzijÞ

zi

jzij

� �nþ1

(A.40)

E2
22in ¼ kIsH

ð1Þ
nþ1ðkIsjzijÞ

zi

jzij

� �nþ1

(A.41)

E2
23in ¼ �ikItH

ð1Þ
nþ1ðkItjzijÞ

zi

jzij

� �nþ1

(A.42)

E2
21n ¼ �kIIf H

ð2Þ
nþ1ðkIIf jr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �nþ1

(A.43)

E2
22n ¼ �kIIsH

ð2Þ
nþ1ðkIIsjr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �nþ1

(A.44)

E2
23n ¼ ikIItH

ð2Þ
nþ1ðkIItjr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �nþ1

(A.45)

E2
21jn ¼ �kIIf H

ð1Þ
nþ1ðkIIf jzjjÞ

zj

jzjj

� �nþ1

(A.46)

E2
22jn ¼ �kIIsH

ð1Þ
nþ1ðkIIsjzjjÞ

zj

jzjj

� �nþ1

(A.47)

E2
23jn ¼ ikIItH

ð1Þ
nþ1ðkIItjzjjÞ

zj

jzjj

� �nþ1

(A.48)

r21 ¼ �2
q
qz
½jðiÞIf þ jðrÞIf þ jðiÞIs þ jðrÞIs þ iðwðiÞI þ wðrÞI Þ� (A.49)

r22 ¼ �2
q
qz̄
½jðiÞIf þ jðrÞIf þ jðiÞIs þ jðrÞIs � iðwðiÞI þ wðrÞI Þ� (A.50)

Likewise, multiplying both sides of Eq. (A.30) with e�isy and integrating over the interval [�p, p], we
have

X3
p¼1

X2
i¼1

X1
n¼�1

E2s
kpinxpin þ

X3
m¼1

X1
n¼�1

E2s
kmnxmn þ

X3
q¼1

X2
j¼1

X1
n¼�1

E2s
kqjnxqjn ¼ r2s

k ðs ¼ �0;�1 . . .Þ (A.51)
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where

E2s
kpin ¼

1

2p

Z p

�p
E2

kpin e
�isy dy (A.52)

E2s
kmn ¼

1

2p

Z p

�p
E2

kmn e
�isy dy (A.53)

E2s
kqjn ¼

1

2p

Z p

�p
E2

kqjn e
�isy dy (A.54)

r2s
k ¼

1

2p

Z p

�p
r2k e
�isy dy (A.55)

Likewise, substituting Eqs. (21c), (21d), (23c), (23d) into Eqs. (25e) and (25f) yields

X3
p¼1

X2
i¼1

X1
n¼�1

E3
kpinxpin þ

X3
m¼1

X1
n¼�1

E3
kmnxmn þ

X3
q¼1

X2
j¼1

X1
n¼�1

E3
kqjnxqjn ¼ r3k ðk ¼ 1; 2Þ (A.56)

where

E3
11in ¼ ZI1kIf H

ð1Þ
n�1ðkIf jzijÞ

zi

jzij

� �n�1

(A.57)

E3
12in ¼ ZI2kIsH

ð1Þ
n�1ðkIsjzijÞ

zi

jzij

� �n�1

(A.58)

E3
13in ¼ iaI1kItH

ð1Þ
n�1ðkItjzijÞ

zi

jzij

� �n�1

(A.59)

E3
11n ¼ �ZII1kIIf H

ð2Þ
n�1ðkIIf jr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �n�1

(A.60)

E3
12n ¼ �ZII2kIIsH

ð2Þ
n�1ðkIIsjr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �n�1

(A.61)

E3
13n ¼ �iaII1kIItH

ð2Þ
n�1ðkIItjr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �n�1

(A.62)

E3
11jn ¼ �ZII1kIIf H

ð1Þ
n�1ðkIIf jzjjÞ

zj

jzjj

� �n�1

(A.63)

E3
12jn ¼ �ZII2kIIsH

ð1Þ
n�1ðkIIsjzjjÞ

zj

jzjj

� �n�1

(A.64)

E3
13jn ¼ �iaII1kIItH

ð1Þ
n�1ðkIItjzjjÞ

zj

jzjj

� �n�1

(A.65)

E3
21in ¼ ZI1kIf H

ð1Þ
nþ1ðkIf jzjjÞ

zi

jzij

� �nþ1

(A.66)

E3
22in ¼ ZI2kIsH

ð1Þ
nþ1ðkIsjzijÞ

zi

jzij

� �nþ1

(A.67)
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E3
23in ¼ �iaI1kItH

ð1Þ
nþ1ðkItjzijÞ

zi

jzij

� �nþ1

(A.68)

E3
21n ¼ �ZII1kIIf H

ð2Þ
nþ1ðkIIf jr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �nþ1

(A.69)

E3
22n ¼ �ZII2kIIsH

ð2Þ
nþ1ðkIIsjr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �nþ1

(A.70)

E3
23n ¼ iaII1kIItH

ð2Þ
nþ1ðkIItjr1 e

iyjÞ
r1 e

iy

jr1 eiyj

� �nþ1

(A.71)

E3
21jn ¼ �ZII1kIIf H

ð1Þ
nþ1ðkIIf jzjjÞ

zj

jzjj

� �nþ1

(A.72)

E3
22jn ¼ �ZII2kIIsH

ð1Þ
nþ1ðkIIsjzjjÞ

zj

jzjj

� �nþ1

(A.73)

E3
23jn ¼ iaII1kIItH

ð1Þ
nþ1ðkIItjzjjÞ

zj

jzjj

� �nþ1

(A.74)

r31 ¼ �2
q
qz
½ZI1ðj

ðiÞ
If þ jðrÞIf Þ þ ZI2ðj

ðiÞ
Is þ jðrÞIs Þ þ iaI1ðw

ðiÞ
I þ wðrÞI Þ� (A.75)

r32 ¼ �2
q
qz̄
½ZI1ðj

ðiÞ
If þ jðrÞIf Þ þ ZI2ðj

ðiÞ
Is þ jðrÞIs Þ � iaI1ðw

ðiÞ
I þ wðrÞI Þ� (A.76)

Likewise, multiplying both sides of Eq. (A.56) with e�isy and integrating over the interval [�p, p], we have

X3
p¼1

X2
i¼1

X1
n¼�1

E3s
kpinxpin þ

X3
m¼1

X1
n¼�1

E3s
kmnxmn þ

X3
q¼1

X2
j¼1

X1
n¼�1

E3s
kqjnxqjn ¼ r3s

k ðs ¼ �0;�1 . . .Þ (A.77)

where

E3s
kpin ¼

1

2p

Z p

�p
E3

kpin e
�isy dy (A.78)

E3s
kmn ¼

1

2p

Z p

�p
E3

kmn e
�isy dy (A.79)

E3s
kqjn ¼

1

2p

Z p

�p
E3

kqjn e
�isy dy (A.80)

r3s
k ¼

1

2p

Z p

�p
r3k e
�isy dy (A.81)

Substituting Eqs. (21f), (21g) into Eqs. (26a), (26b), one has

X3
p¼1

X2
i¼1

X1
n¼�1

E4
kpinxpin ¼ r4k ðk ¼ 1; 2Þ (A.82)

where

E4
11in ¼ aIf H ð1Þn ðkIf jzijÞ

zi

jzij

� �n

þ mIk
2
If H

ð1Þ
n�2ðkIf jzijÞ

zi

jzij

� �n�2

expð2iyÞ (A.83)
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E4
12in ¼ aIsH ð1Þn ðkIsjzijÞ

zi

jzij

� �n

þ mIk
2
IsH
ð1Þ
n�2ðkIsjzijjÞ

zi

jzij

� �n�2

expð2iyÞ (A.84)

E4
13in ¼ imIk

2
ItH
ð1Þ
n�2ðkItjzijÞ

zi

jzij

� �n�2

expð2iyÞ (A.85)

E4
21in ¼ aIf H ð1Þn ðkIf jzijÞ

zi

jzij

� �n

þ mIk
2
If H

ð1Þ
nþ2ðkIf jzijÞ

zi

jzij

� �nþ2

expð�2iyÞ (A.86)

E4
22in ¼ aIsH ð1Þn ðkIsjzijÞ

zi

jzij

� �n

þ mIk
2
IsH
ð1Þ
nþ2ðkIsjzijÞ

zi

jzij

� �nþ2

expð�2iyÞ (A.87)

E4
13inj ¼ �imIk

2
ItH
ð1Þ
nþ2ðkItjzijÞ

zi

jzij

� �nþ2

expð�2iyÞ (A.88)

r41 ¼ 0 (A.89)

r42 ¼ 0 (A.90)

x1in ¼ ain; x2in ¼ bin; x3in ¼ cin (A.91)

zi ¼ r2 e
iy þ d2 � d ði ¼ 1Þ (A.92)

zi ¼ r2 e
iy ði ¼ 2Þ (A.93)

Likewise, multiplying both sides of Eq. (A.82) with e�isy and integrating over the interval [�p, p], we
have

X5
p¼1

X2
i¼1

X1
n¼�1

E4s
kpinxpin ¼ r4s

k ðk; i ¼ 1; 2Þ ðs ¼ �0;�1;�2; . . .Þ (A.94)

where

E4s
kpin ¼

1

2p

Z p

�p
E4

kpin e
�isy dy (A.95)

r4s
k ¼

1

2p

Z p

�p
r4k e
�isy dy (A.96)

Substituting Eq. (21h) into Eq. (27) yields

X2
p¼1

X2
i¼1

X1
n¼�1

E5
pinxpin ¼ r5 (A.97)

where

E5
1in ¼ �AIf k2

If H ð1Þn ðkIf jzijÞ
zi

jzij

� �n

(A.98)

E5
2in ¼ �AIsk

2
IsH
ð1Þ
n ðkIsjzijÞ

zi

jzij

� �n

(A.99)

r5 ¼ 0 (A.100)
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Likewise, multiplying both sides of Eq. (A.97) with e�isy and integrating over the interval [�p, p], we
have

X2
p¼1

X2
i¼1

X1
n¼�1

E5s
pinxpin ¼ r5s ðs ¼ �0;�1;�2; . . .Þ (A.101)

where

E5s
pin ¼

1

2p

Z p

�p
E5

pin e
�isy dy (A.102)

r5s ¼
1

2p

Z p

�p
r5 e�isy dy (A.103)

jðtÞf 2 ¼ jðsÞf 1 þ jðsÞf 2 (A.104)

jðtÞs2 ¼ jðsÞs1 þ jðsÞs2 (A.105)

wðtÞ2 ¼ wðsÞ1 þ wðsÞ2 (A.106)

Likewise, substituting Eq. (21c), (21d) into Eq. (28) yields

X3
p¼1

X2
i¼1

X1
n¼�1

E6
pinxpin ¼ r6 ðj ¼ 1; 2Þ (A.107)

where

E6
1in ¼

ZI1kIf

2
H
ð1Þ
n�1ðkIf jzijÞ

zi

jzij

� �n�1

expðiyÞ �
ZI1kIf

2
H
ð1Þ
nþ1ðkIf jzijÞ

zi

jzij

� �nþ1

expð�iyÞ (A.108)

E6
2in ¼

ZI2kIs

2
H
ð1Þ
n�1ðkIsjzijÞ

zi

jzij

� �n�1

expðiyÞ �
ZI2kIs

2
H
ð1Þ
nþ1ðkIsjzijÞ

zi

jzij

� �nþ1

expð�iyÞ (A.109)

E6
3in ¼

iaI1kIt

2
H
ð1Þ
n�1ðkItjzijÞ

zi

jzij

� �n�1

expðiyÞ þ
iaI1kIt

2
H
ð1Þ
nþ1ðkItjzijÞ

zi

jzij

� �nþ1

expð�iyÞ (A.110)

r6 ¼ 0 (A.111)

Likewise, multiplying both sides of Eq. (A.107) with e�isy and integrating over the interval [�p, p], we
have

X3
p¼1

X2
i¼1

X1
n¼�1

E6s
pinxpin ¼ r6s ðs ¼ �0;�1;�2; . . .Þ (A.112)

where

E6s
pin ¼

1

2p

Z p

�p
E6

pin e
�isy dy (A.113)

r6s ¼
1

2p

Z p

�p
r6 e�isy dy (A.114)

Substituting Eqs. (23f), (23g) into Eqs. (29a), (29b) one obtains

X3
m¼1

X1
n¼�1

E8
kmnjxmn þ

X3
q¼1

X2
i¼1

X1
n¼�1

E8
kqinjxqin ¼ r8kj ; k ¼ 1; 2; j ¼ 3; 4 (A.115)
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where

E8
11nj ¼ aIIf H ð2Þn ðkIIf jzjjÞ

zj

zj

� �n

þ mIIk
2
IIf H

ð2Þ
n�2ðkIIf jzjjÞ

zj

jzjj

� �n�2

expð2iyÞ (A.116)

E8
12nj ¼ aIIsH ð2Þn ðkIIsjzjjÞ

zj

jzjj

� �n

þ mIIk
2
IIsH

ð2Þ
n�2ðkIIsjzjjÞ

zj

jzjj

� �n�2

expð2iyÞ (A.117)

E8
13nj ¼ imIIk

2
IItH

ð2Þ
n�2ðkIItjzjjÞ

zj

jzjj

� �n�2

expð2iyÞ (A.118)

E8
11inj ¼ aIIf H ð1Þn ðkIIf jzijjÞ

zij

jzijj

� �n

þ mIIk
2
IIf H

ð1Þ
n�2ðkIIf jzijjÞ

zij

jzijj

� �n�2

expð2iyÞ (A.119)

E8
12inj ¼ aIIsH ð1Þn ðkIIsjzijjÞ

zij

jzijj

� �n

þ mIIk
2
IIsH

ð1Þ
n�2ðkIIsjzijjÞ

zij

jzijj

� �n�2

expð2iyÞ (A.120)

E8
13inj ¼ imIIk

2
IItH

ð1Þ
n�2ðkIItjzijjÞ

zij

jzijj

� �n�2

expð2iyÞ (A.121)

E8
21nj ¼ aIIf H ð2Þn ðkIIf jzjjÞ

zj

jzjj

� �n

þ mIIk
2
IIf H

ð2Þ
nþ2ðkIf jzjjÞ

zj

jzjj

� �nþ2

expð�2iyÞ (A.122)

E8
22nj ¼ aIIsH ð2Þn ðkIIsjzjjÞ

zj

jzjj

� �n

þ mIIk
2
IIsH

ð2Þ
nþ2ðkIIsjzjjÞ

zj

jzjj

� �nþ2

expð�2iyÞ (A.123)

E8
23nj ¼ �imIIk

2
IItH

ð2Þ
nþ2ðkIItjzjjÞ

zj

jzjj

� �nþ2

expð�2iyÞ (A.124)

E8
21inj ¼ aIIf H ð1Þn ðkIIf jzijjÞ

zj

jzijj

� �n

þ mIIk
2
IIf H

ð1Þ
nþ2ðkIIf jzijjÞ

zij

jzijj

� �nþ2

expð�2iyÞ (A.125)

E8
22inj ¼ aIIsH ð1Þn ðkIIsjzijjÞ

zij

jzijj

� �n

þ mIIk
2
IIsH

ð1Þ
nþ2ðkIIsjzijjÞ

zij

jzijj

� �nþ2

expð�2iyÞ (A.126)

E8
23inj ¼ �imIIk

2
IItH

ð1Þ
nþ2ðkIItjzijjÞ

zij

jzijj

� �nþ2

expð�2iyÞ (A.127)

r813 ¼ 0 (A.128)

r823 ¼ 0 (A.129)

r814 ¼ 0 (A.130)

where

zj ¼ zij ¼ r3 e
iy þ d2 � d1 ði ¼ 1; j ¼ 3Þ (A.131)

zij ¼ r3 e
iy ði ¼ 2; j ¼ 3Þ (A.132)

zj ¼ zij ¼ r4 e
iy ði ¼ 1; j ¼ 4Þ (A.133)
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zij ¼ r4 e
iy þ d1 � d2 ði ¼ 2; j ¼ 4Þ (A.134)

x1in ¼ ain; x2in ¼ bin; x3in ¼ cin; x1n ¼ d1n; x2n ¼ e1n; x3n ¼ f 1n; x1in ¼ din; x2in ¼ ein; x3in ¼ f in (A.135)

Likewise, multiplying both sides of Eq. (A.115) with e�isy and integrating over the interval [�p, p], we have

X3
m¼1

X1
n¼�1

E8s
kmnjxmn þ

X3
q¼1

X2
i¼1

X1
n¼�1

E8s
kqinjxqin ¼ r8s

kj ; k ¼ 1; 2; j ¼ 3; 4 (A.136)

where

E8s
kmnj ¼

1

2p

Z p

�p
E8

kmnj e
�isy dy (A.137)

E8s
kqinj ¼

1

2p

Z p

�p
E8

kqinj e
�isy dy (A.138)

r8s
kj ¼

1

2p

Z p

�p
r8kj e

�isy dy (A.139)

Substituting Eq. (23h) into Eq. (30) one obtains

X3
m¼1

X1
n¼�1

E9
mnjxmn þ

X3
q¼1

X2
i¼1

X1
n¼�1

E9
qinjxqin ¼ r9j ; j ¼ 3; 4 (A.140)

where

E9
1nj ¼ �AIIf k2

IIf H ð2Þn ðkIIf jzjjÞ
zj

jzjj

� �n

(A.141)

E9
2nj ¼ �AIIsk

2
IIsH

ð2Þ
n ðkIIsjzjjÞ

zj

jzjj

� �n

(A.142)

E9
1inj ¼ �AIIf k2

IIf H ð1Þn ðkIIf jzijjÞ
zij

jzijj

� �n

(A.143)

E9
2inj ¼ �AIIsk

2
IIsH

ð1Þ
n ðkIIsjzijjÞ

zij

jzijj

� �n

(A.144)

r9j ¼ 0 (A.145)

Likewise, multiplying both sides of Eq. (A.140) with e�isy and integrating over the interval [�p, p], one
obtains

X3
m¼1

X1
n¼�1

E9s
mnjxmn þ

X3
q¼1

X2
i¼1

X1
n¼�1

E9s
qinjxqin ¼ r9s

j ; j ¼ 3; 4 (A.146)

where

E9s
mnj ¼

1

2p

Z p

�p
E9

mnj e
�isy dy (A.147)

E9s
qinj ¼

1

2p

Z p

�p
E9

qinj e
�isy dy (A.148)

r9s
j ¼

1

2p

Z p

�p
r9j e
�isy dy (A.149)
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Substituting Eqs. (23c), (23d) into Eq. (31) one obtains

X3
m¼1

X1
n¼�1

E10
mnjxmn þ

X3
q¼1

X2
i¼1

X1
n¼�1

E10
qinjxqin ¼ r10j ; j ¼ 3; 4 (A.150)

where

E10
1nj ¼

ZII1kIIf

2
H
ð2Þ
n�1ðkIIf jzjjÞ

zj

jzjj

� �n�1

expðiyÞ �
ZII1kIIf

2
H
ð2Þ
nþ1ðkIIf jzjjÞ

zj

jzjj

� �nþ1

expð�iyÞ (A.151)

E10
2nj ¼

ZII2kIIs

2
H
ð2Þ
n�1ðkIIsjzjjÞ

zj

jzjj

� �n�1

expðiyÞ �
ZII2kIIs

2
H
ð2Þ
nþ1ðkIIsjzjjÞ

zj

jzjj

� �nþ1

expð�iyÞ (A.152)

E10
3nj ¼

iaII1kIIt

2
H
ð2Þ
n�1ðkIItjzjjÞ

zj

jzjj

� �n�1

expðiyÞ �
iaII1kIIt

2
H
ð2Þ
nþ1ðkIItjzjjÞ

zj

jzjj

� �nþ1

expð�iyÞ (A.153)

E10
1inj ¼

ZII1kIIf

2
H
ð1Þ
n�1ðkIIf jzjjÞ

zij

jzijj

� �n�1

expðiyÞ �
ZII2kIIf

2
H
ð1Þ
nþ1ðkIIf jzijjÞ

zij

jzijj

� �nþ1

expð�iyÞ (A.154)

E10
2jnj ¼

ZII2kIIs

2
H
ð1Þ
n�1ðkIIsjzijjÞ

zij

jzijj

� �n�1

expðiyÞ �
ZII2kIIs

2
H
ð1Þ
nþ1ðkIIsjzijjÞ

zij

jzijj

� �nþ1

expð�iyÞ (A.155)

E10
3inj ¼

iaII1kIIt

2
H
ð1Þ
n�1ðkIItjzijjÞ

zij

jzijj

� �n�1

expðiyÞ �
iaII1kIIt

2
H
ð1Þ
nþ1ðkIItjzijjÞ

zij

jzijj

� �nþ1

expð�iyÞ (A.156)

r10j ¼ 0 (A.157)

Likewise, multiplying both sides of Eq. (A.150) with e�isy and integrating over the interval [�p, p], one
obtains

X3
m¼1

X1
n¼�1

E10s
mnjxmn þ

X3
q¼1

X2
i¼1

X1
n¼�1

E10s
qinjxqin ¼ r10s

j ðj ¼ 3; 4Þ ðs ¼ �0;�1;�2; . . .Þ (A.158)

where

E10s
mnj ¼

1

2p

Z p

�p
E10

mnj e
�isy dy (A.159)

E10s
qinj ¼

1

2p

Z p

�p
E10

qinj e
�isy dy (A.160)

r10s
j ¼

1

2p

Z p

�p
r10j e�isy dy (A.161)
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